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Quasiholes in certain fractional quantum Hall states are promising candidates for the experimental
realization of non-Abelian anyons. They are assumed to be localized excitations, and to display
non-Abelian statistics when sufficiently separated, but these properties have not been explicitly
demonstrated except for the Moore-Read state. In this work, we apply the newly developed matrix
product state technique to examine these exotic excitations. For the Moore-Read and the Z3 Read-
Rezayi states, we estimate the quasihole radii, and determine the correlation lengths associated with
the exponential convergence of the braiding statistics. We provide the first microscopic verification
for the Fibonacci nature of the Z3 Read-Rezayi quasiholes. We also present evidence for the failure
of plasma screening in the nonunitary Gaffnian wave function.
PACS numbers: 05.30.Pr, 73.43.Cd, 03.67.Mn
Non-Abelian anyons have been the focus of much the-
oretical and experimental interest due to the exciting
prospect of topologically fault-tolerant quantum com-
puting [1–21]. As noted by Kitaev [1], the topological
degeneracy of these exotic excitations allows nonlocal
storage of quantum information, while adiabatic braid-
ing implements unitary quantum gates. Candidates [22–
24] for their physical realization are the quasiholes in
certain fractional quantum Hall states [25], in particu-
lar, those around the plateaus at fillings ν = 5/2 and
12/5 [26–28]. Their model wave functions, namely, the
Moore-Read [29] (MR) and the Z3 Read-Rezayi [30] (RR)
states, enjoy an elegant first-quantized rewriting [29, 31]
in terms of conformal field theory [32–34] (CFT) corre-
lators, from which many physical properties can be pre-
dicted. The strengths of this approach rest on a crucial
conjecture [29]: quasihole braiding statistics can be di-
rectly read off from the monodromy of the CFT correla-
tors. Under this conjecture, the MR quasiholes are Ising
anyons, while the Z3 RR ones are Fibonacci anyons. But
the proof of the conjecture itself is lacking.
The relation between statistics and monodromy was
originally established for the Laughlin state [35] through
the plasma analogy [36]. Assuming sufficient quasihole
separations, the statistics-monodromy equivalence holds
true when the plasma is in the screening phase. With
considerable effort, this line of argument was recently
extended to the MR state [37–39], in agreement with
finite-size numerics [40–42]. More complicated states like
the Z3 RR still remain uncharted territory for both an-
alytics and numerics, despite their capacity for universal
quantum computation [2–4]. Moreover, wave functions
constructed from nonunitary field theories (such as the
Gaffnian [43]) are conjectured not to give rise to sensi-
ble statistics [38], yet the microscopic symptom of such
pathology is still under investigation [44].
In this Letter, we aim to settle the aforementioned
issues through numerical studies of certain model wave
functions. Until very recently, this was a daunting task
due to the exponentially large Hilbert space, and in many
cases, the absence of a convenient analytical form of the
quasihole wave functions. In fact, so far only the Laugh-
lin and the MR quasiholes have been tested directly, with
various degrees of success, using exact diagonalization
and Monte Carlo techniques [40–42]. A similar check
on the Gaffnian and the Z3 RR states proves extremely
challenging due to the combinatorial complexity of their
analytical expressions. These difficulties are partially
solved by the recent development [45–48] of exact ma-
trix product states [49, 50] (MPS) for the CFT-derived
wave functions [29, 31]. The MPS formalism provides
a faithful and efficient representation of quantum Hall
model states, and greatly facilitates the calculation of
physical observables. We generalize this novel technique
to non-Abelian quasiholes. In the following, we focus on
the physical results, and leave the technical details to a
forthcoming paper [51]. For the Zk≤3 RR states (includ-
ing Laughlin and MR at k = 1, 2), as well as the Gaffnian
wave function, we construct MPS for localized quasiholes,
and estimate their radii from the electron density profile.
TABLE I. Numerical data for quasihole radii R and the cor-
relation length ξortho associated with wave function orthogo-
nality [see the discussion after Eq. (8)].
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FIG. 1. Electron density for Z3 RR e5 (+),
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quasiholes on an infinite cylinder with perimeter Ly = 20`0.
From adiabatic transport, we obtain the braiding matri-
ces, verify the link between statistics and monodromy for
Zk≤3 RR at large quasihole separations, and determine
the associated length scales. Numerical data are sum-
marized in Table I. Through these characterizations, we
confirm the Fibonacci nature of the Z3 RR quasiholes,
and we provide the first size estimate for these exotic ex-
citations. Our results also give a microscopic diagnosis
for the pathology of the Gaffnian.
We consider model wave functions defined by CFT cor-
relators [29, 31] on the cylinder geometry [52]. Eval-
uated in the Hamiltonian picture [45], such conformal
correlators allow a MPS representation over the Landau
orbitals [46], with the auxiliary space being the trun-
cated conformal Hilbert space [53]. This truncation is
constrained by the entanglement area law [54]: the aux-
iliary space has to grow exponentially with the cylinder
perimeter Ly. Compared with previous studies [45–48],
the new challenge here stems from the nontrivial fusion
of non-Abelian quasiholes. Fixing all the pinned quasi-
hole coordinates does not specify a single wave function.
Rather, it defines a multidimensional vector space of de-
generate states [29, 55]. A natural basis in this space
arises from the conformal blocks [29], labeled by topo-
logical charges on fusion tree diagrams [33, 56]. Our con-
struction produces a MPS for each conformal block.
We illustrate this procedure using the MR state. It
is constructed [29] from the chiral Ising CFT [57], with
primary fields (1, ψ, σ) and fusion rules
ψ × ψ = 1, ψ × σ = σ, σ × σ = 1 + ψ, (1)
where ψ represents an electron and σ carries a quasihole.
Because only σ×σ has multiple outcomes, to enumerate
n-quasihole states, we only need to consider the fusion
trees of n σ fields. For example, for an even number of
electrons, there are two degenerate four-quasihole states,
|Ψa〉 =
σ σ σ σ
1σa
, a = 1 or ψ. (2)
The structural similarity between the above fusion tree
and the usual MPS diagram [50] is not a coincidence, but
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FIG. 2. (a) Radial dependence of electron density ρ near
a quasihole, at Ly = 20`0. For Zk=2,3 RR, we study both
the e
k+2
(dotted) and the ke
k+2
quasiholes (solid curves). (b)
Quasihole radius R as a function of cylinder perimeter Ly,
using the markers defined in (a).
rather mandated by the radial ordering in the conformal
correlator [51]. The Z3 RR CFT has a similar struc-
ture [30, 58], with primary fields (1, ψ1, ψ2, ε, σ1, σ2).
Electrons and quasiholes are represented by ψ1 and
σ1 fields [59], respectively. There are again two four-
quasihole states
|Ψa〉 =
σ1
ψ2
a
σ1 σ1 σ1
ε
, a = ψ1 or σ2. (3)
In the following we examine the Zk≤3 RR states at fillings
ν = kk+2 , and discuss the Gaffnian separately afterwards.
Before studying the braiding statistics, we first check
whether the quasiholes are indeed localized excitations.
We check the charge νe = kek+2 Abelian quasiholes, and
for the k > 1 theories, also the fundamental ek+2 non-
Abelian quasiholes. In the electron density profile, we
find a localized and isotropic reduction around quasihole
centers, which does not depend on the presence of other
quasiholes sufficiently far away. An example is given in
Fig. 1 for the RR e5 ,
2e
5 (two
e
5 fused in σ2), and
3e
5 quasi-
holes. The electron density displays small ripples in the
periphery of a quasihole, as seen more clearly in the ra-
dial plots in Fig. 2(a). Following Ref. [60], we extract the
quasihole radius R from the second moment of the charge
excess distribution [61]. This definition is susceptible to
the thin-cylinder density wave background [62], but it
quickly converges as Ly increases [Fig. 2(b)]. We note
that the quasihole size barely depends on k. For k > 1,
the ek+2 fundamental and the
ke
k+2 Abelian quasiholes also
have comparable sizes. Listed in Table I, the numerical
values are consistent with those previously reported for
Zk=1,2 [41, 60, 63]. For the Z3 RR quasiholes, our cal-
culation provides the first radius estimate, R ∼ 3.0 `0.
Strictly speaking this is a lower bound, as the quasiholes
in the Coulomb ground state could be larger [60].
With the localized nature of the quasiholes established,
we now examine their braiding statistics. For Zk=2,3
RR states, we consider the two braids {12} and {23}
parametrized by the mobile quasihole η, as depicted in
Fig. 3. We define the Berry connection over each dη seg-
3B{12} B{23}
1 2 3 4 1 2 3 4
FIG. 3. Two braids of four-quasihole states, {12} and {23}.
We draw in yellow the branch cuts passing through each quasi-
hole, and mark the half-braid B matrices by black arrows.
ment along the braid
Aab(η; dη) ≡ e−idηAab(η) ≡ 〈Ψa(η + dη)|Ψb(η)〉||Ψa(η + dη)|| · ||Ψb(η)|| , (4)
in the unnormalized {|Ψa〉} basis from Eqs. (2, 3). Be-
cause of the nontrivial monodromy of the CFT correlator,
|Ψa(η)〉 is multivalued in η. At each stationary quasihole,
a branch cut runs vertically around the cylinder, gener-
ating singularities in the Berry connection. If we keep
η and η + dη on opposite sides of the cut while letting
dη → 0 [Fig. 3], the connection A(η; dη) tends to a con-
stant matrix B not equal to the identity:
B{12}MR =
[
1.0 0
0 1.0 i
]
, B{12}RR =
[
e0.6pii 0
0 1.0
]
,
B{23}MR =
[
0.50055+0.50055i 0.49946−0.49946i
0.49946−0.49946i 0.50055+0.50055i
]
, (5)
B{23}RR =
[
0.500088+0.363336i 0.63574−0.46183i
0.636109−0.462157i 0.191012+0.587868i
]
.
These matrices virtually coincide with the half-braid ma-
trices [33] of the CFT correlators [39, 58], as in [64]
σ σ σ σ
1σa
=
[
1 0
0 i
]
ba
σb
σ σ σ σ
1
=
[
1+i
2
1−i
2
1−i
2
1+i
2
]
ba
σ σ σ σ
1σb
,
(6)
σ1
ψ2
a
σ1 σ1 σ1
ε
=
[
ω3 0
0 1
]
ba
σ1 σ1 σ1 σ1
ψ2
b ε
=
[
Φω
√
Φ/ω√
Φ/ω Φω2
]
ba
σ1 σ1 σ1 σ1
ψ2
b ε
,
(7)
with ω = eipi/5 and Φ =
√
5−1
2 . The subscripts in Eq. (5)
give the last-digit deviations from the exact values [65].
The above half-braid B matrices, when squared, give
the monodromy prediction for the braiding statistics,
namely, Ising and Fibonacci for Zk=2,3 RR, respectively.
These matrices should come out exactly as the CFT pre-
diction, since we are implementing exactly the conformal
blocks up to CFT truncation [53]. The actual braiding
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FIG. 4. Dependence of the overlaps on the quasihole sepa-
ration ∆η at Ly = 20`0. ||abc||2 is shorthand for 〈abc|abc〉.
matrices are determined by the Wilson loop, which, in
addition to the B matrices, also depends on the Berry
connections away from the branch cuts. These nonsin-
gular contributions are responsible for the potential dis-
crepancy between monodromy and statistics, and are re-
lated to the overlap matrix 〈Ψa|Ψb〉 with fixed quasihole
positions. As detailed in Ref. [39], if at large quasihole
separation |∆η|, the overlap converges exponentially fast
to a constant diagonal matrix,
〈Ψa|Ψb〉 = Caδab +O(e−|∆η|/ξab), with Ca 6= 0, (8)
then, except for the branch cuts, the Berry connec-
tion vanishes up to an exponentially small correction
Aab(η) ∼ O(e−|∆η|/ξab) after subtracting the Aharonov-
Bohm phase from the background magnetic field. Hence,
Eq. (8) quantifies a sufficient condition for the equiv-
alence between monodromy and statistics for well-
separated quasiholes, without the need to integrate
Aab(η) by brute force. We now examine its validity for
Zk=2,3 RR. To simplify the functional form, we keep only
two quasiholes at a finite separation ∆η and push oth-
ers to infinity. The resulting states are labeled by fusion
trees
|abc〉 ≡
b
σ
c
a σ
(for MR) or
b c
a σ1 σ1
(Z3 RR), (9)
and implemented by setting the MPS boundary con-
ditions to the leading eigenvectors of the MPS trans-
fer matrix in topological sectors a and c [48]. These
states have the conformal-block normalization, up to a
channel-independent overall constant. Plotted in Fig. 4,
〈abc|ab′c〉 indeed has the exponential convergence form
of Eq. (8) in all channels. The correlation lengths can
be estimated by curve fitting, or more conveniently, ex-
tracted from the spectral gaps of the transfer matrix [59].
Here we focus on the length scale ξortho associated with
the decaying off-diagonal elements, characterizing the or-
thogonality between conformal blocks, and will report
the diagonal ones elsewhere [44]. The numerical val-
ues are catalogued in Table I. For MR, our results agree
with Ref. [42]. For Z3 RR, combined with the B matri-
ces shown earlier, the finite correlation lengths establish
the quasiholes as Fibonacci anyons. At the ν = 12/5
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fusion channel 1 (top) vs. ϕ (bottom) [Eq. (10)] at Ly = 20`0.
plateau[28], with a magnetic field of 5.4 T, ξ ∼ 3.4 `0
translates to 0.038 µm. To put this in perspective, the
inter-quasihole spacing in an interferometer is on the or-
der of 0.1 µm [66] – the quasiholes are not quite in the
well-separated regime in this case.
Finally, we go beyond the Zk RR series, and study the
Gaffnian [43] wave function at filling ν = 2/5. It is de-
rived from a nonunitary generalization of the Ising CFT,
with primary fields (1, ψ, σ, ϕ) [59], and is conjectured to
describe a gapless state rather than a gapped topological
phase [38]. There are two four-quasihole wave functions,
|Ψa〉 =
σ σ σ σ
1σa
, a = 1 or ϕ. (10)
Each fundamental quasihole has charge e/5. We start
from the electron density profile of these states, as shown
in Fig. 5. In contrast to the Zk RR states, the density
profile here exhibits a strong fusion-channel dependence,
and also a dipole-like anisotropy for |Ψ1〉, despite the
clear separation of quasiholes. Such local distinguishabil-
ity of different conformal blocks persists even when the
quasiholes are infinitely separated. This casts doubt on
their topological degeneracy, although it remains unclear
whether the density peculiarities are genuine, or artifacts
at finite cylinder perimeter Ly [59].
Unlike the unitary Zk theories, the conformal blocks
for Gaffnian are not asymptotically orthogonal in general.
In place of the Berry connection, we consider the linear
transform that relates |Ψa(η)〉 to |Ψb(η + dη)〉,
|Ψb(η)〉
||Ψb(η)|| =
∑
a
A˜ab(η; dη) |Ψa(η + dη)〉||Ψa(η + dη)|| , (11)
and we examine its behavior along the braids depicted
in Fig. 3. Across the branch cuts, the analogue of the
unitary half-braid matrices B are B˜ ≡ A˜(η; dη → 0),
B˜{12} =
[
e0.2pii 0
0 e0.4pii
]
,
B˜{23} =
[
1.6162 0.7461 + 1.0281i
0.7461 + 1.0281i −0.49955 + 1.5371i
]
,
(12)
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Ly ∈ [15 .. 25] `0. (b) Comparison of the Ly dependence of
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in agreement with the CFT prediction
σ σ σ σ
1σa
=
[
ω 0
0 ω2
]
ba
σb
σ σ σ σ
1
=
[
1/Φ ω
3
2 /Φ
1
2
ω
3
2 /Φ
1
2 ω3/Φ
]
ba
σ σ σ σ
1σb
,
(13)
with errors given in subscripts. Again, this agreement in-
dicates that our MPS correctly implements the conformal
blocks. The nonunitarity of B{23} comes from that of the
Fσσσσ matrix [67]. Away from the branch cuts, the behav-
ior of A˜ is again controlled by the overlaps 〈Ψa|Ψb〉 as a
function of quasihole separations. Ideally, we would like
to examine the validity of Eq. (8) for its individual matrix
elements, as we do for the Zk RR states. In the Ly . 25`0
regime accessible by MPS, however, this calculation is
plagued by finite-size effects, and we have trouble iden-
tifying its planar limit [59]. Fortunately, the conformal-
block orthogonality measure cos θ1,ϕ ≡ 〈σ1σ|σϕσ〉||σ1σ||·||σϕσ|| is im-
mune from such artifacts. Here we are keeping only two
quasiholes at a finite separation ∆η while the outer two
are set to ±∞, and we use the notation of Eq. (S3).
As shown in Fig. 6, cos θ1,ϕ decays exponentially as ∆η
increases, but the associated length scale ξortho (as in
cos θ1,ϕ ∝ e−|∆η|/ξortho) diverges as Ly → ∞, in sharp
contrast to the Zk RR states. Hence, in the planar limit,
the conformal blocks in Eq. (10) with an untwisted tree
structure acquires orthogonality extremely slowly, follow-
ing a power law in ∆η (rather than exponentially), sig-
naling the breakdown of the screening condition Eq. (8)
for Gaffnian. The power-law behavior is consistent with
the conjectured gaplessness [38], and it largely rules out
the possibility of defining a sensible braiding statistics
for the Gaffnian quasiholes, since the nonuniversal cor-
rections to the monodromy matrix are not exponentially
small in quasihole separations.
To summarize, in this Letter we examined numerically
the quasiholes in the Zk≤3 RR and the Gaffnian states
using the MPS technique. We provide, to our knowl-
edge, the first size estimate for the Z3 RR quasiholes,
and also the first microscopic, quantitative verification
5of their Fibonacci nature. We determine the correlation
lengths associated with the exponential convergence of
their braiding statistics. In the context of topological
quantum computing, these length scales set the limit of
the topological protection against decoherence in realistic
systems [42, 68, 69]. Our results also shed new light on
the pathology of the Gaffnian wave function manifested
in its quasiholes.
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7SUPPLEMENTAL MATERIAL
Here we address some technical aspects of the matrix
product states (MPS) for non-Abelian quasiholes derived
from conformal field theory (CFT) correlators. Similar
to the treatment in the main text, we will leave the com-
pactified U(1) boson implicit in the CFT description.
Fusion rules for the Z3 Read-Rezayi state
The Z3 Read-Rezayi state can be described by
the Z3 parafermion conformal field theory [S1], also
known as the minimal model M(5, 6) [S2], with cen-
tral charge c = 45 . The primary fields of this
CFT are (1, ψ1, ψ2, ε, σ1, σ2), with scaling dimensions
(0, 23 ,
2
3 ,
2
5 ,
1
15 ,
1
15 ). The ψ1 (resp. σ1) field represents an
electron (resp. a quasihole). The fusion rules of these
fields are
1 ψ1 ψ2 ε σ1 σ2
ψ1 ψ1 ψ2 1 σ2 ε σ1
σ1 σ1 ε σ2 ψ2 + σ1 ψ1 + σ2 1 + ε
Fusion rules for the Gaffnian state
The Gaffnian wave function is described [S3] by the
non-unitary CFT minimal model M(3, 5), with central
charge c = − 35 . The primary fields of this CFT are
(1, ψ, σ, ϕ), with scaling dimensions (0, 34 ,− 120 , 15 ). The ψ
(resp. σ) field represents an electron (resp. a quasihole),
with fusion rules
1 ψ σ ϕ
ψ ψ 1 ϕ σ
σ σ ϕ 1 + ϕ ψ + σ
The MPS transfer matrix
Following the notation of Ref. [S4], we consider the
transfer matrix E =
∑0,1
m (B
m)∗ ⊗ Bm, where the Bm
matrix is associated with an empty (m = 0) or occupied
(m = 1) Landau orbital in the MPS. The transfer matrix
is the basic building block of any generic wave function
overlap 〈Ψ|Ψ′〉. It acts on a direct product of two copies
of the truncated conformal Hilbert space, one copy for
〈Ψ|, and the other for |Ψ′〉. From the fusion rules, we
find that the CFT Hilbert space can be naturally split
into two sectors, each being closed under fusion with the
electron (although they are connected by fusion with the
quasihole). We refer to them as the “vac” and the “qh”
sectors:
vac qh
Moore-Read 1, ψ σ
Z3 Read-Rezayi 1, ψ1, ψ2 ε, σ1, σ2
Gaffnian 1, ψ σ, ϕ
The Bm matrices are block-diagonal in the sector index,
Bm =
⊕
αB
m
α , with α summed over {vac, qh}. There-
fore, the transfer matrix is also block-diagonal,
E =
⊕
α,β
Eα,β , with Eα,β =
∑
m
(Bmα )
∗ ⊗Bmβ . (S1)
We denote by λ
(i)
α,β the i-th largest eigenvalue of Eα,β .
The MPS auxiliary space is constructed from the trun-
cated conformal Hilbert space, and the truncation is con-
strained by the entanglement area law. In our calcula-
tions, we have to deal with transfer matrix blocks (after
various reductions [S4]) with dimensions as large as
(vac, vac) (vac, qh) (qh, qh)
Moore-Read 1.1× 107 1.5× 107 2.0× 107
Z3 Read-Rezayi 3.6× 107 5.5× 107 8.4× 107
Gaffnian 1.3× 107 2.0× 107 3.0× 107
Incidentally, for the braiding and the overlap calcula-
tions, we have to work on the full direct product space
without symmetry reduction, the dimension of which can
be up to 25 times as large as the sizes mentioned in the
previous table.
Overlap calculation
As explained in the main text, the central object in our
braiding study is the overlap matrix 〈abc|ab′c〉, and we
are particularly interested in its exponential convergence
〈abc|ab′c〉 = Cabcδbb′ +O(e−|∆η|/ξ〈abc|ab′c〉). (S2)
In the following we outline the calculation of the overlap
matrix using the MPS technique, and also discuss the
determination of the correlation lengths. Recall from the
main text that the state
|abc〉 ≡
b
σ
c
a σ
(S3)
involves two localized quasiholes at a finite separation
∆η, and the topological charges a and c represent extra
quasiholes pushed to the ends of the infinite cylinder.
Diagrammatically, the MPS for |abc〉 is given by [S4, S5]
· · · · · · · · ·.
8Here, the orbital Bm matrices are represented by the
green circles, with the occupation number m = 0, 1 car-
ried by the upward-pointing leg, and the quasihole ma-
trices are represented by the purple squares. Each quasi-
hole matrix depends on both the quasihole position and
the fusion channel context, i.e. the topological charges
before and after the σ field insertion in the fusion tree,
and it is inserted into the matrix product at the correct
time-ordered positions [S5]. Technical details of the con-
struction of the quasihole matrix will be addressed in a
forthcoming paper [S6]. The overlap 〈abc|ab′c〉 is com-
puted by contracting
· · · · · · · · ·
· · · · · · · · ·
.
Here, the upper (lower) chain represents the 〈abc| (|ab′c〉)
state, respectively, and in the ladder-like structure, each
rung corresponds to the transfer matrix E over a sin-
gle orbital [Eq. (S1)]. Although not marked explicitly
in the above diagrams, the fusion channel dependence
enters through the quasihole insertions (purple squares)
as well as the boundary conditions. The contraction of
the above tensor network can be significantly simplified
on an infinite cylinder, as detailed in Ref. S4. Essen-
tially, an infinitely repeated action of the transfer matrix
can be accurately represented by its projection into the
subspace of its largest eigenvalue in the relevant sector.
For the overlap 〈abc|ab′c〉 with a finite quasihole separa-
tion ∆η, as shown in Fig. 4 of the main text, this sim-
plification applies only to the peripheral regions outside
of the two quasihole insertions. Between the two quasi-
holes, we have to contract the transfer matrices by brute
force. However, in the limit of large ∆η, asymptotically
the overlap is still controlled by the leading few eigen-
modes of the transfer matrix, and the associated correla-
tion lengths can be simply determined from the spectral
gaps of the transfer matrix, without resorting to curve
fitting.
We now explain this using three representative ex-
amples. First, consider the off-diagonal element
〈σ1ψ1ε|σ1σ2ε〉 for the Z3 Read-Rezayi state. In this case,
the action of the transfer matrix over the ∆η interval is
confined to the (vac, qh) sector of the product space,
while its action outside of the ∆η interval is purely in
the (qh, qh) sector. At large ∆η, we must have
〈σ1ψ1ε|σ1σ2ε〉 ∼
(
λ
(1)
vac,qh
λ
(1)
qh,qh
)∆η/γ
. (S4)
Here γ = 2pi`20/Ly is the separation between adjacent
Landau orbitals, while λ
(1)
vac,qh and λ
(1)
qh,qh are the largest
eigenvalues of the transfer matrix in sectors (vac,qh) and
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FIG. S1. Asymptotic repulsion f between two plasma
charges representing pinned quasiholes. The Gaffnian curve
is fitted by the zero-intercept quadratic formula f`0 = u
`20
L2y
+
v `0
Ly
. The best fit has u = −8.6(2) and v = 2.66(1), with the
standard error in the last digit given in parentheses.
(qh, qh), resp. The correlation length is then given by
ξortho =
[
Ly
2pi`20
log
(
λ
(1)
qh,qh
λ
(1)
vac,qh
)]−1
. (S5)
As the second example, we consider the norm ||1σψ||2 for
the Moore-Read state. To the leading order, we have
||1σψ||2 ∼
(
λ
(1)
qh,qh
λ
(1)
vac,vac
)∆η/γ
, (S6)
while λ
(1)
vac,vac and λ
(1)
qh,qh are the largest eigenvalues of the
transfer matrix in sectors (vac,vac) and (qh, qh), resp.
For ||1σψ||2 to approach a non-zero constant value when
∆η →∞ as in Eq. (S2), we need to have λ(1)vac,vac = λ(1)qh,qh.
This turns out to be true for the Zk=2,3 Read-Rezayi
states, up to small finite-size corrections (see below). To
characterize the exponential convergence of the norm,
we have to consider the second largest eigenvalue in
the (qh,qh) channel, λ
(2)
qh,qh. The associated correlation
length is given by
ξqh =
[
Ly
2pi`20
log
(
λ
(1)
qh,qh
λ
(2)
qh,qh
)]−1
. (S7)
Finally, the correlation length associated with the norm
||σψσ||2 for the Moore-Read state is similarly given by
ξvac =
[
Ly
2pi`20
log
(
λ
(1)
vac,vac
λ
(2)
vac,vac
)]−1
. (S8)
The numerical calculations of ξvac and ξqh are more chal-
lenging than ξortho, since they depend on subleading
eigenvalues of the transfer matrix. A detailed numeri-
cal study will be reported in a future paper [S7].
We now examine the λ
(1)
vac,vac = λ
(1)
qh,qh condition more
carefully. To have a physical understanding of its impli-
cation, we adopt the plasma analogy and reinterpret the
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FIG. S2. Electron density around a single Gaffnian e
5
quasi-
hole in the |1σ〉 (left panel) and the |σϕ〉 (right panel) chan-
nels, on an infinitely long cylinder with perimeter Ly = 20`0.
overlap in Eq. (S6) as the partition function e−F (∆η) with
two pinned charges representing the two quasiholes at a
separation ∆η. The derivative of the free energy F (∆η)
with respect to ∆η gives an effective force between the
plasma charges
f = − dF
d∆η
∼ Ly
2pi`20
log
(
λ
(1)
qh,qh
λ
(1)
vac,vac
)
. (S9)
Therefore, if λ
(1)
vac,vac 6= λ(1)qh,qh, the two plasma charges
representing quasiholes are subject to an asymptotically
constant confining (if f < 0) or anti-confining (if f > 0)
force that persists even in the limit of infinite separa-
tion. The numerical data are shown in Fig. S1. For the
Moore-Read and the Z3 Read-Rezayi states, λ(1)vac,vac and
λ
(1)
qh,qh quickly converge as Ly increases. In contrast, the
Gaffnian state features an asymptotic repulsion between
infinitely separated plasma charges at a finite cylinder
perimeter Ly, although it seems to die off in the planar
limit Ly → ∞. This makes it very hard to extract a
meaningful correlation length for the diagonal elements
of the overlap matrix similar to Eq. (S7). Fortunately,
we can still analyze the correlation length associated with
the asymptotic orthogonality of conformal blocks, as dis-
cussed in the main text.
Electron density profile around Gaffnian quasiholes
Here we show more details of the peculiarities in the
electron density profile of the Gaffnian quasiholes. As
noted in the main text, conformal blocks in different fu-
sion channels are locally distinguishable despite the clear
separation between quasiholes. This effect persists even
when we push the quasihole separations to infinity, leav-
ing only a single fully isolated quasihole. In this limit, the
conformal blocks can be labeled by fusion tree segments
|ab〉 ≡
b
σa
.
(S10)
We only need to consider |ab〉 = |1σ〉 and |σϕ〉, since all
the other possibilities can be obtained by either fusing
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FIG. S3. Radii of Gaffnian quasiholes in |1σ〉 and |σϕ〉
channels, as a function of the cylinder perimeter Ly.
(trivially) with ψ, or flipping the cylinder axis x → −x.
Fig. S2 shows the electron density profile for each case.
The anisotropic dipole structure is clearly visible for |1σ〉,
in contrast to the isotropic |σϕ〉.
Similar to the Zk≤3 Read-Rezayi quasiholes analyzed
in the main text, we estimate the quasihole radius from
the second moment of the charge excess distribution
[Fig. S3]. We have also examined the Abelian charge
2e
5 quasihole obtained by fusing two
e
5 quasiholes in the
1 channel. We find a localized and isotropic density re-
duction around each Abelian quasihole, but this calcula-
tion turns out to be rather susceptible to the conformal
Hilbert space truncation, and we have trouble reaching
convergence in the radius calculation. As a final com-
ment, we note that the peculiarities observed in the den-
sity profile are likely related to the leading eigenvalue
mismatch discussed in the previous section, and are pos-
sibly artifacts at finite cylinder perimeter Ly. Unfor-
tunately, we cannot resolve this issue using the current
MPS approach, due to the fundamental constraint on Ly
from the area law of quantum entanglement.
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